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Abstract

We study the problem of estimating an unknown function from ergodic samples
corrupted by additive noise. It is shown that one can consistently recover an unknown
measurable function in this setting if the one dimensional distribution of the samples
is comparable to a known reference distribution, and the noise is independent of the
samples and has known mixing rates. The estimates are applied to deterministic sam-
pling schemes, in which successive samples are obtained by repeatedly applying a fixed
map to a given initial vector, and it is then shown how the estimates can be used to

reconstruct an ergodic transformation from one of its trajectories.
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I Introduction

The subject of this paper is the estimation of an unknown irregular function from stationary
ergodic samples that are corrupted by additive noise. Let S be a family of stationary ergodic
processes {X; : i > 1} with X; € RY, let N be a family of zero mean dependent processes
{Z; :i > 1} with Z; € IR, and assume that the families S and N are independent. Suppose
that the values of an unknown measurable function f : IR? — IR are sampled according to
a process {X;} € S, in the presence of additive noise {Z;} € N, resulting in observations of

the form

(X3, Vi) = (X, f(Xi) + Zi) i>1. (1)

We are interested in estimating f from these noisy samples.

Let (X,Y, Z) denote a random triple, independent of {(X;,Y;, Z;)}, with the same dis-
tribution as (X1,Y1,Z;). Our goal is to define an estimation scheme {f, : n > 1} with
the following property: for each {X;} € S, each {Z;} € NV, and every measurable function
f with Ef(X)? < oo, the estimate f, produced from n observations of the form (1) is
such that E(f(X) — f,(X))? — 0 with probability one. In particular, the consistency of
the scheme should not depend on the mixing rates of the sampling processes, or on the
regularity of the sampled functions. Our conclusion is that consistent estimation is possible
under these conditions if (i) the one-dimensional distribution of each sampling process is
comparable to a known reference distribution, and (ii) the correlations of the noise processes
tend to zero at a known rate. Since the sampling and noise processes are independent, the
function f(z) is a version of the regression function F(Y|X = x), and therefore estimating

f is a special case of regression estimation from ergodic processes.

A Statement of Results

A family of sampling processes. Let g be a fixed, reference probability distribution
on the Borel subsets B of IR%, and let o € (0,1). Define S(ug, @) to be the family of all
stationary ergodic processes X1, Xs,... € IR? such that the distribution p of X; satisfies
the inequality

dp
a < —— < 4. 2
< gh<p @

Here 8 € (0,00) is a constant that may depend on u. The condition (2) implies in partic-

ular that p and pp have common support, and that the derivative dpug/dp is well-defined.



Membership in S(up, @) depends only on the distribution of X;; no conditions are imposed

on the joint distributions of (X1,..., Xy) for & > 2.

Examples: If the reference distribution pg has a density hg with respect to d-dimensional
Lebesgue measure then S(ug,«) contains every ergodic process whose marginal density h
is such that ahy < h < Bhyg. for some 3 < oo. For example, let A be a subset of IR, such
as the unit cube, with d-dimensional Lebesgue measure A(A) € (0,00), and such that the
boundary A\ A° of A has measure zero. . If ug(A4) = A(ANA)/A(A) is normalized Lebesgue
measure on A, then S(ug, ) contains every ergodic process having a bounded marginal
density h such that h(x) > a/A(A) for z € A and h(z) = 0 for z € A°. In general up need
not be absolutely continuous. For example, pg might be normalized Hausdorff measure on

a bounded, low-dimensional subset of IR?.

A family of noise processes. A real-valued stationary process {Z;} is said to be weakly
mixing (in the ergodic theory sense) if for every k > 1 and every pair A, B of k-dimensional

Borel sets,
1 & .
-y ]IP{Zf € A, ZitF e BY — P{Z} € AYIP{Z} € B}‘ 0 as n—oo.  (3)
i=1

This mild mixing condition is slightly stronger than ergodicity (which is obtained by re-
moving the absolute values). Fix a function « : {0,1,2,...} — [0,00) such that x(s) tends
monotonically to zero as s tends to infinity, and let AV'(k) be the family of all weakly mixing

stationary processes {Z;} such that EZ; = 0, EZ? < oo, and
| Cov(Zi, Z;)| < EZ* - k(|i — i) (4)

for each 7,5 > 1. The covariance condition (4) controls the rate at which the noise process
“forgets” its past values. The function x will be called a covariance envelope. Note that,
for each envelope k, the family AN(k) contains every zero mean i.i.d. process with finite

variance.

Theorem 1 Given a reference distribution pg, constant o, and covariance envelope k there
exist estimates { fn} such that for each sampling process {X;} € S(po, @), each noise process
{Z;} € N(k) independent of {X;}, and every measurable function f : R — IR with
Ef%(X) < oo, the estimates fn derived from the noisy samples (Xi, f(X5)+Z;),1<i<n



are such that
E(fu(X) = f(X))* =0

with probability one.

The estimates fn of Theorem 1 are histograms constructed from a fixed sequence of
nested partitions. As choosing a partition appropriate for a given sample is rather compli-
cated, the estimates are not readily implementable. An explicit description of the estimates
is given in Section II below.

The principal assumptions of the theorem concern the one dimensional distribution of
the sampling process. No conditions are imposed on the regularity of the sampled function
f, or on the mixing rates of the sampling process, and minimal conditions are placed on the
moments of f(X) and Z;. When Lj-consistent estimates of du/dug are available and f is
bounded, the comparability assumption (2) can be dropped: see Section IV for more details.
The estimates of Theorem 1 are evidently consistent for any subfamilies S C S(up, @) and
N C N (k).

Concerning the proof of Theorem 1, the key feature of the additive noise model (1) is
that one can estimate the expected squared error 02 = E(Y — E(Y|X))? of the regression
function f(z) = E(Y|X = z) from the available observations (see Section A below). In fact,
the same proof shows that one can consistently estimate E(Y|X = z) from any stationary
ergodic process {(X;,Y;)} with {X;} € S(uo, @) and EY? < oo if the error o2 is known or
can be consistently estimated from the available observations.

The assumption that {Z;} is weakly mixing (in the ergodic theory sense) and inde-
pendent of {X;} ensures that the joint process {(X;, Z;)} is ergodic. (For a proof of an
analogous result for transformations, see [30].) Ergodicity of the joint process {(X;,Y:)}

follows immediately from that of {(X;, Z;)}.

B Connection to Previous Work

As noted above, the problem considered here is a special case of regression estimation
from ergodic processes. The existence of regression estimates that are weakly Ls-consistent
for any i.i.d. process was first established by Stone [35] using nearest neighbor methods.
Beginning with the papers [33, 34, 31] there has been a great deal of work on regression
estimation from stationary, weakly dependent processes satisfying «, 3, p, and related

mixing conditions. The majority of this work is devoted to central limit theorems and rates



of convergence for kernel and histogram type estimates. See the monographs [15, 32, 4]
for further references and discussion. Local polynomial regression from weakly dependent
processes is considered in [23]. There is also a substantial body of work on regression
estimation from stationary processes exhibiting long range (also called strong) dependence.
For an overview of these results and additional references, see [3].

Concerning the general setting of interest here, it has recently been shown [2, 27, 40]
that no sequence of regression estimates is consistent for every stationary ergodic process
{(X;,Y;)}, even if X and Y are assumed to take values in the unit interval. Thus restrictions
of some sort must be placed on the family of possible observations in order to establish the
consistency of a regression scheme under study. One possible set of restrictions is considered
here. Minimal conditions for the existence of consistent regression estimates, if such exist,
are at present unknown.

Modha and Masry [25] study lag-adaptive autoregression from stationary processes with
exponentially decreasing weak mixing coefficients. Strengthening earlier work of Delecroix
[8], Gyorfi, Hardle, Sarda and Vieu [15] show that one can consistently estimate the k-step
autoregression function of an ergodic process if the conditional density of Xy, ..., X, given
X0, X_1,... exists and is continuous for every r > 1. Similar results are also obtained in [9].
Yakowitz [37, 38] establishes the consistency of kernel and nearest neighbor autoregression
estimates for Markov chains under a variety of regularity conditions.

Yakowitz, Gyorfi, Kieffer and Morvai [39] propose truncated histogram estimates for
Lipschitz continuous regression functions. For each constant L > 0 they exhibit a sequence
of estimates that is almost surely pointwise consistent for every ergodic process {(X;,Y;)}
with regression function f satisfying |f(z)— f(y)| < L||x —y||. Morvai, Kulkarni, and Nobel
[26] proposed adaptive histogram regression estimates for processes with one dimensional
covariates X. Given constants aq, o, ..., they define estimates fn that are strongly Lo
consistent for every ergodic process {(X;,Y;)} such that X is non-atomic and the variation
of the regression function f on [—k, k] is at most «j for each £ > 1. Kulkarni and Posner
[20] consider nearest neighbor regression for general sampling schemes.

Existing work on consistent regression estimation from dependent processes places as-
sumptions on the dependence of the observations, or the regularity of the regression function,
or both. By contrast, Theorem 1 shows that, in exchange for prior knowledge about the one
dimensional distribution of the sampling process, one may, at a level sufficient for consis-

tency, adapt simultaneously to both the regularity of the sampled function and the mixing



rate of the sampling process.

C Outline

The estimates {f,} of Theorem 1 are defined in the next section. Section III is devoted
to deterministic sampling schemes. It is shown there how the results of Theorem 1 can be
used to estimate a measure preserving, ergodic transformation from one of its trajectories.
Alternative estimates, similar to those defined in the next section, are briefly discussed in
Section IV, where it is shown that the comparability condition (2) can be replaced by the
assumption that f is bounded, and that Li-consistent estimates of dju/dug are available.

Proofs of the principle results are given in Section V.

II Description of the Estimates

Fix a nested sequence my,m, ... of finite partitions of IR? such that 7y = {IR?}, and such
that for each vector z € R,

lim diam(mg[z]) = 0. (5)

k—00
Here mi[z] is the unique cell of 7, containing x, and diam(A) = sup,, ,c 4 |[u — v|| denotes
the maximum Euclidean distance between any two points in A. Condition (5) allows the
partitions 7 to have unbounded cells, provided that the sequence of cells containing each
fixed vector x eventually shrinks down to . The partition m; may be obtained, for example,
by dividing [~1,1)? into cubes of side-length 27!, and letting the complement of [—1,1)?

comprise a single cell.

The estimates { fn} are histograms, obtained by partitioning the samples X; according
to one of the partitions 7 and then averaging the corresponding noisy values within each
cell. In order to obtain consistent estimates under weak assumptions on the sampling
process and the sampled function, some care must be taken when choosing the partition
appropriate for a particular set of observations. Choice of an index k is based in part on
estimates of the noise variance EZ2. Variance estimates are defined in the next subsection,

and the regression estimates { fn} are defined in Section B.



A Estimates of Noise Variance

Let {Z;} be a stationary, zero mean noise process with covariance envelope . The condition
(4) yields bounds on the probability that weighted averages of the noise sequence deviate
from zero. In particular, for every ¢ > 0, every s > 1, every sequence of integers 1 < k; <

ko < .-+ < ks, and every sequence aq,...,as € [—1,1], Chebyshev’s inequality and (4)

imply that
1S o
IP{—ZaiZki>cx/EZ2} < (SEEZY) Y [Covl(Z,, Zi,)
5= 1<i,j<s
< () X k- k)
1<i,j<s
_1 . .
< () X w(li—il)
1<i,j<s
1 | (0 2 A
< 6_2 [T + ;;I{(l)‘| = R(C,S).

The third inequality follows from monotonicity of x the fact that |k; — k;| > |i — j|. Note
that for each ¢ > 0, the quantity R(c,s) — 0 as s — oo.

Suppose now that {X;} is stationary and ergodic, and that {(X;,Y;) = (X, f(X;)+ Z;)}
are noisy samples of a measurable function f : IR — IR. The bound R(c, s) can be used to
obtain estimates of £Z? in the following way. First, let ¢y = 1 and select ¢, ca,... € (0,1)
such that ), ¢, < co. Choose integers s, — oo such that R(cy,s,) < ¢,/|m,| for each
u > 1, where |m,| denotes the number of cells in the partition m,. Using {s,}, define a
subsequence of 1,2,... based on the samples X;, Xs,... as follows. Set I(0) = 1, and for

each u > 1 define
l
l(u) = min{l >l(u—1): ZI{Xi € A} > s, or = 0 for every A € ﬂu} .
i=1
Thus [(u) is the first time [ > [(u — 1) that each cell of 7, is either empty or contains at

least s, of the samples X;. For each n > 1 define the random partition and time indices
up, = max{u: l(u) <n} and m, = max{l(u):l(u) < n}, (6)

both of which depend only on X1, ..., X, Finally, define the histogram

SV € mfal)
@) = S TIX, € manlal}




and the corresponding error estimate
P = — 3 (0u(X) = 0)? . (8)

Note that I',, depends only on (X1, Y1),...,(X,,Y,). The following result is proved in
Section V.

Lemma 1 If {Z;} € N'(k) is independent of {X;} and Ef(X)? < co, then T, — EZ? with
probability one.

B Definition of the Estimates

Suppose that a reference distribution pg, constant «, and envelope k have been fixed, and

that the partitions g, 1, . . . are defined as above. Given observations (X1, Y1),...,(X,,Y,)

of the form (1), define candidate histograms

iz Yi l{X; € m[z]}
Yim1 {Xi € mi[z]}

If no vector X; lies in some cell 7 [z], then set ¢ () = 0. Let

¢k,n(x) =

k=1,2,.... 9)

o 1/2
App = <ﬁ > bra(Xs) — Yz’|2> (10)
i=1

be the empirical loss of ¢y, ,,. Both ¢, ,, and Ay, ,, depend only on the available observations.
The estimate fn is chosen from among the candidates {¢y, : k > 1} by selecting a suitable

partition index, based on the available data, and on ug, o and k.

Fix a sequence €1, €2, - - - of positive numbers tending monotonically to zero. Let s, be

the largest s > 1 such that
940 = Gl < 2072(AF, —T)Y? 4 20407 ) for 1<j<i<s  (11)

and define f,,(z) = ¢s, n(x). Here £l = (f £?duo)'/? is the usual La(o)-norm of f, and
I, is the variance estimate defined in (8) above. Each of the quantities appearing in (11)
is either known in advance of the observations, or may be evaluated once the observations
are obtained. Thus the estimate is well defined. In general, the partition index s, will not
increase monotonically with the sample size n, nor will it grow at any prespecified rate.

Related estimates for the noiseless setting Z; = 0 are defined in [1], and used there to

estimate a measure preserving transformation from a suitable reconstruction sequence. See



Section B for more details. The definition of f, via (11) is similar to the construction of
minimax adaptive regression estimates given by Lepskii [21] in a different context. The
two estimates differ, however, as we seek the most complex candidate compatible with the
available data, while Lepskii seeks the simplest.

The proof of Theorem 1 is carried out in three steps. In the first step it is shown that
the partition index s, tends to infinity as the sample size n increases. Then it is shown
that the estimates fn form a Cauchy sequence in La (1), and that their limit is the sampled

function f.

III Deterministic Sampling

Deterministic samples are generated by repeatedly applying a fixed, non-linear map F :
R¢ — IR to an initial vector 2 € IR?. In this case the successive sampling points are given
by the trajectory

z,Fz,F?z,... ¢ R? (12)

of F starting at =, where F*' denotes the i-fold composition of F with itself. The samples
in (12) exhibit dependence across large time scales: from knowledge of F' and any individ-
ual sample one can, in principle, reconstruct every subsequent sample. The estimates of
Theorem 1 can be used to reconstruct measurable functions from the deterministic samples
(12) when F is measure preserving and ergodic. Let B denote the Borel subsets of IRY. We

assume in what follows that F' is measurable, i.e. F~'A € B for every A € B.

Definition: A measurable map F : IR? — IR? is said to preserve a probability measure
on (R, B) if u(F~1A) = p(A) for every A € B, and is said to be ergodic with respect to p
if in addition F~'A = A implies u(A) =0 or 1.

A Estimation from Deterministic Samples

To place deterministic sampling in the context of ergodic processes, note that if F' : R? —
IR? is p-preserving and ergodic, and if X € IR? is a random vector with distribution p, then
X ={X,FX,F?X,...} is a stationary ergodic process with one-dimensional distribution .
The process X evolves in a deterministic fashion, with uncertainty entering only through
choice of the initial vector X. In particular, X exhibits very long range dependence and

fails to satisfy most standard mixing assumptions.



Consider again the estimation problem discussed in the introduction. Let regression
estimates { fn} be defined as in (11), in terms of a reference distribution pg, constant «, and
covariance envelope k. Suppose that F : R? — R? is a p-preserving ergodic map, where p
satisfies o < dp/dug < (3 for some 3 < oo. The following result is an immediate corollary

of Theorem 1.

Proposition 1 For pg-almost every z € RY, each noise process {Z;} € N(k) independent
of the choice of x, and every measurable function f : R? — IR with [ f2du < oo, the

estimates fn produced from the deterministic samples
(@, f(@) + 20),.., (F" L, f(F" ") + Zy)

are such that [( fn — f)?dp — 0 with probability one. In particular, the estimates are

consistent for any i.i.d. noise sequence with finite second moment.

B Estimating an Ergodic Map

The results of Theorem 1 can be applied to the problem of estimating an ergodic u-
preserving map F from a single trajectory x, Fa, F%x,... in the absence of noise. To
motivate the problem, note that if successive points in the trajectory are grouped together,
each of the resulting pairs (z, Fx), (Fx, F2x), ... is a point on the graph of F. When F is
continuous and d = 1, connecting neighboring points with straight lines will give pointwise
consistent estimates of F' on the support of . Similar piecewise linear estimates may be
used in higher dimensions. When F' is irregular, or noise is present, selective local averaging
is necessary to obtain consistent estimates.

Fix a reference distribution py and a constant « € (0,1). Suppose that F' is a measure
preserving ergodic map. Given a trajectory x, F'z,... of F' starting at a vector = € RY,
define (x;,1;) = (F*"'x, F'z) to be the i’th pair of successive terms in the sequence, and
let yg be the j'th component of the vector y;. For each j = 1,...,d let s/, be the partition

index selected according to (11) on the basis of observations {(z;,/)}%, with T\, = 0. Set

wy, = min{s!, ... s¢} and define the multivariate histogram
. n Fig- T Fi—l
Py = 2 T € o ul), (13)
Yis  H{F e € my, [ul}
which is based solely on x, Fx,..., F"z. Let ||u|| denote the ordinary Euclidean norm of a

vector u € IR,



Proposition 2 For every distribution p such that o < du/duy < B for some 8 < oo, and
every p-preserving ergodic map F : RS — R such that [ ||F|[>du < oo,

JIE = FIP dp 0
for p-almost every initial vector x € IR,

Proof: If the initial value of the trajectory is selected according to a random vector X with
distribution x4 then the paired process (X, FX),(FX,F?X),... is stationary and ergodic.
These are noiseless measurements of F' generated by deterministic sampling according to F'.
Note that one can express the estimate ), as a vector of estimates (1/1,117%, e ,wg7wn), where
the j’th coordinate is the univariate histogram zﬁ%m)n based on (:El,ylj ). As shown in the
proof of Theorem 1, each of the partition indices s — oo as n — oo with u-probability one,
and therefore w,, — oo with p-probability one as well. Arguments analogous to those in
the proof of Theorem 1 show that Wz,wn converges in Lo(p) to the j’th component function

of F with p-probability one, and the result follows.

The problem of estimating an iterated map has previously been studied primarily in
the context of smooth dynamical systems, with the ultimate goal of prediction, estimating
Lyapunov exponents, or estimating the dimension of an attractor. Representative work and
additional references can be found in [12, 6, 7, 19, 29, 22, 36|, and the surveys [11, 18, 17].
In most of this work it is assumed that the map under study is differentiable, and that suc-
cessive iterates of the map are perturbed by observational or dynamical noise. Central limit
theorems for U-statistics and smooth functionals of noiseless dynamical systems generated
by piecewise-monotone maps are studied in [16, 24, 10].

In the noiseless setting considered here, Bosq and Guégan [5] studied the estimation of
uniform mixing continuous maps F' using kernel density estimators. Aside from the integra-
bility condition [ ||F||?du < oo, the assumptions of Proposition 2 concern only the measure
preserved by F'; no conditions are placed on the regularity of F' or on its mixing properties.
An extension of Proposition 2 can be found in [1] where estimates like those in Section II
are defined for noiseless samples, and used to estimate a measure preserving (not necessarily
ergodic) transformation of a Polish space X from a suitable reconstruction sequence. The
estimates constructed in [1] are consistent in the stronger sense that ,u(ﬁ’n_ LAAF=14) =0
for every Borel subset A of X.

The family of transformations F for which the estimates F), are consistent may be quite

10



large. To illustrate this, let @« = d = 1 and let ug be Lebesgue measure on [0,1]. The

following corollary of Proposition 2 is immediate.

Corollary 1 For every ergodic Lebesgue measure preserving map F : [0,1] — [0,1], for
almost every initial value x € [0, 1], the estimates F,, obtained from x, Fz, F?z, ... are such

that [y (Fy, — F)?du — 0.

Among the ergodic Lebesgue measure preserving transformations of [0, 1] there is an
uncountable subfamily & with the property that no two transformations in S are isomorphic.
The histograms F), give consistent estimates of each transformation in S from almost every

one of its trajectories.

IV Related Estimates

Modifications of the estimates fn proposed above can recover functions under general condi-
tions somewhat different than those considered in Theorem 1. In particular, when consistent
estimates of the density du/dug of the sampling process are available, the comparability
assumption (2) can be dropped.

Suppose now that pg is d-dimensional Lebesgue measure, and that a covariance envelope
K, and sequence {ﬁn :n > 1} of d-variate density estimates have been fixed. Consider as
before observations

(Xi, f(X))+ Z;) i>1

generated by sampling an unknown measurable function f according to an ergodic process
{X;} whose marginal distribution p has density h = du/dx with respect to Lebesgue mea-
sure. Let ﬁn = ﬁn(Xl, ..., X,) be an estimate of du/duy based on the first n sampling
points. With ¢; ., Aj,, and I',, defined as in Section B, let ¢, be the largest ¢ > 1 such that

. 1/2 .
(/(ijm - ¢l,n)2 “hy, du0> < 2(A?,n - Fn)}i-p + 5¢; for 1<j<1<t, (14)

and define the estimate f,(z) = ¢, n(z). By arguments analogous to those in the proof of

Theorem 1 one may establish the following result.

Theorem 2 If [ |ﬁn — h|dz — 0 with probability one, then for every bounded measurable
function f and every bounded noise process {Z;} € N(k) independent of {X;}, [(fn —
f)2du — 0 with probability one.

11



Remark: If n is replaced by m,, and ¢, is replaced by min{¢,,, u, }, with m,, and u,, defined

as in (6), the resulting estimates are consistent under the weaker assumption that EZ% < oo.

One choice of candidate density estimates {fln} are the recursive kernel estimates pro-
posed by Gyorfi and Masry [14], which they show to be strongly L; consistent for ev-
ery ergodic process such that the conditional distribution of Xy given the infinite past
X_1,X_9,... is absolutely continuous with probability one. The regression estimates fn
defined via (14) using the recursive kernel estimates will be consistent for every ergodic
sampling process satisfying the absolute continuity condition. Another choice of candidate
estimates are the univariate histograms studied in [28], which are L; consistent for every
univariate ergodic process whose one-dimensional marginal density has variation less than a
known constant. This includes processes with monotone and multi-modal densities, where

both the number of modes and the value of the density are bounded by known constants.

V Derivations

Fix a probability distribution  on R¢ and let ||f||, = ([ |f|*dp) Y2 be the usual Lo(p)
norm of a measurable function f : IR — IR. For each finite partition 7 of IR? and each
function f such that || f]|, < oo define
(fom@) = —— [ fau
p(lz]) Jrfa)

provided that p(w[z]) > 0, and set (f o w)(z) = 0 otherwise. Thus f o 7 is the conditional
expectation of f given 7, and is constant on the cells of 7. Note that ||f o ||, < ||f]|.-

Suppose that (X1,Y7),(Xo,Ys),... € R? x R is a stationary ergodic sequence such that
X has distribution g and EY? < co. Let f(x) = E(Y|X = z) be the regression function of
Y on X, and define f;, = fomy, where {7} is the sequence of partitions described in Section
II. Part (a) of the next lemma follows from standard results on conditional expectations

and martingales. A direct proof is given for completeness.

Lemma 2 If ¢, and Ay, are defined as in equations (9) and (10) then the following

relations hold.
a. ||fx — fllp decreases to zero as k — oo;

b. With probability one, max _jpa |6k n(z) — fre(x)] — 0 for each k > 1.

12



c. With probability one, A%, — E(f(X) =Y)?* + ||fx — fI[}, for each k > 1.

Proof: Fix € > 0 and let f’ be a bounded, continuous function such that ||f — f||, < e.

By an obvious upper bound,

W= Fulle < WF=Flla + W = fromilly + 1" = f) o millu
< 2+ ||f = fromillu

The continuity of f’ and the shrinking cell condition (5) ensure that f’ o mi(x) — f'(x)
for each x € IR%. It then follows from the dominated convergence theorem and the last

inequality above that

limsup || — fill < 2¢.
k—oo

As € > 0 was arbitrary, ||f — f||, — 0. For any set A C IR? with u(A) > 0 the integral
[4lf(z) — c[*dp is minimized over constants by ¢ = u(A)~! [, fdu. Therefore, among all
those functions g that are constant on the cells of 74 1, the integral [ |f—g|?du is minimized
by g = frr1- This establishes assertion a.

Fix k > 1 for the moment and let A be a cell of 7. The ergodic theorem implies that

with probability one

LS V(X € A} — B(YI{X € A}) = / fdp
Lt A

and

%i[{xi € A} — p(A).
i=1

As 7 has finitely many cells, and k ranges over a countable index set, (b) is immedi-
ate. (Recall that ¢ () = fu(x) = 0 if u(mpfz]) = 0.) To establish (c) define Ay, =
(n= ' | fe(X5) — Yi[2)Y/2. By part (b) of the lemma,

n 1/2
At~ Bl < (13@,”(&-) - fk<Xi>\2) < max |gr(e) — fil@)],
L) zelR

which tends to zero with probability one as n — oco. On the other hand, the ergodic theorem
ensures that Azn — E(fi(X) —Y)? = E(f(X) = Y)?*+ || fx — fI|2 with probability one

as n — oo, and the proof is complete. &

13



A  Proof of Lemma 1

Let 6, and T, be defined as in (7) and (8), respectively. Note that 6, (z) = U, (z) + V. (z),

where

" 2ty KX € my, [2]} Yl H{ X € my, [2]}

Expanding the square in the definition of I',, and collecting terms, one finds that

and V,(x) =

R 1 Mn
r,— — 72| < n nl,
‘ mn; P S O1p] + o+ [Osn)
where the quantities ©;,, are defined as follows:
1 & 2
®l,n I Z(Vn(XZ) - f(XZ))2 62,n = Z ZZ(Vn(Xz) - f(XZ))
n =1 n =1
1 & 5
O3n = — ZUn(XZ)
noi=1
2 1 o=
noj=1 noi=1

The ergodic theorem ensures that m, and 7, tend to infinite along almost every sample
sequence of {X;}. In particular, m,1 " Z? — EZ? with probability one, as {Z;} is
ergodic and independent of {X;}. It is therefore enough to show that ©;, — 0 with
probability one for j =1,...,5.

Consider first ©1 ,,, which depends only on the sampling process {X;}. For fixed v and

each n > 1 define the histograms

i (X)) I{X; € mulz]}
i X € mf2]}

By arguments like those in the proof of Lemma 2 one may show that

Yun(T) =

Mn

Gl,n < mi Z(q/}u,n(Xz) - f(Xz))27

=1

when wu,, > u, and that max _jpd [Yun(x) — (f omy)(x)] — 0 as n — oo. It follows that

0 < limsup©;, < E((f om,)(X) —f(X))2

n—oo
with probability one for each v > 1. Letting u tend to infinity shows that ©;, — 0. By
the Cauchy-Schwartz inequality,

m 1/2
1 mn
Osp < 2(—ZZ§> CHA

Mn 33

14



As n tends to infinity, the first term on the right hand side tends to a finite limit, while the

second term tends to zero. Thus O3, — 0.

In order to evaluate the remaining terms, we investigate the conditional behavior of
U,(-) given the sampling process. Suppose that the sampling points X° = X1, X, ...
are fixed. Then u,, and m,, are fixed, and as {Z;} is independent of {X;}, the collection
{Z; - X; € A, i < my,} is a fixed (non-random) subsequence of Zi,...,Z,,, for each cell

A € my,. Now observe that

IP{ sup |[Up(z)| > (EZ2)1/2 “Cuy, | Xfo}

zelR*
S Z{X; € A} ",
a Aezw: {‘ o I{X; € A} 2 ( ) Cu, | X1 (15)

and consider each term in the sum. If no covariate X; lies in A then the corresponding
probability is zero. Alternatively, if A contains at least one X;, then by the definition of m,,
and the assumption that {Z;} € N(k), the corresponding probability is at most ¢,,, /|7y, |-
Thus the probability on the left side of (15) is at most ¢,,,. (This and each of the conditional

statements below holds for almost every sample sequence of X7°.) This implies that
P {03, > B2%- 2 | X} < cu,,
and therefore for each ¢ > 0,

Z]P{@&l(k) > e | Xfo} < min{k: EZ? -} <€} + ch < 00.
k=1 k=1

It follows from this last inequality and the Borel-Cantelli Lemma that
P {limk_,oo O34k =0 | Xfo} =1.
By definition, O3, = O3 () for n =1(k),...,I(k + 1) — 1 and consequently
P{O3, - 0| X°}=1.

Integrating over X7° shows that ©3, — 0 with probability one, as desired. An argument

like that used to show O3, — 0 now shows that ©4,,05, — 0 as well. &

B Proof of Theorem 1

Fix a sampling process {X;}, noise process {Z;}, and measurable function f satisfying

the conditions of the theorem. Suppose that {X;} and {Z;} are defined on an underlying
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probability space (2, F,IP). Given s, N > 1 let A(s, N) € F be the event that for each
r=1,...,s and each n > N,
£\1/2
max [érn(2) = fol2)| < & and | [|fy = flly — (A2, -T0)Y? | <e (16)
jAS]

where f, = f om,.. Suppose that A(s,N) occurs. Fix n > N and 1 < j <1 <s. The
inequalities (16) and the assumption that du/dpg > o imply that

Gin — Pinllue < 5 = fill o + 2€
< o V2t = filla + 2
< V(I = A+ 1= Fll) + 2¢
< 2072 fi = fllu + 26
< 2072(A2, — T2 4 201+ a7

It follows from the definition (11) of s,, that A(s, N) implies s,, > s for each n > N, and
therefore,
o oo
{nh_)ngo Sp = oo} 2 sol Ngl A(s,N).

Lemmas 1 and 2 imply that IP(A(s,N)) — 1 as N — oo for each s > 1, and consequently
sp — 00 with probability one.

If A(s,N) occurs then s,,, s, > s for each m,n > N and therefore the inequalities (16)
and (11) imply that

an - meuo < H‘ﬁ%,n - ¢s7nHuo + "¢s7n7m - ¢s7mHuo + 268
2072 [(A2, = T)? + (A2, = T)Y] + (6 + 407" /?)e,

IN

IN

472 f = fllu + (64807 e,
Given § > 0 let s(d) be any integer for which this last expression is less then 6. The last
inequality ensures that

{inf sup /Ifn—fmlduo < 5} > |J A(s(6), N).
N=1

N=1 n,m>N

Lemma 2 implies IP(A(s(6), N)) — 1 as N — 0o, and therefore the estimates {f,} form a
Cauchy sequence in Lo(po) with probability one.

Consider a sample sequence of {(X;,Y;)} for which the estimates {f,} are Cauchy. As
Lo(uo) is complete, there is a function f* € Ly(uo) such that || f, — ¥l — 0. For each n

16



such that s, > r,

I1f = Mo
< Hf - fr”uo + Hfr - (bmlHuo + H‘ﬁnn - ¢sn,nHuo + an - f*Huo

< aV2f = folla + mas, |fr(@) = brn(@)] + 207112 (A2, — T,)Y/”
FAS

+ 20+ e + || fo = F¥ o -

Letting n, and then r, tend to infinity shows that || f— f*||,, = 0. By assumption, du/dug <

[ for some 3 < oo, and consequently ||fn —fllp—0. &
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